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Abstract

We employ a new bilinear estimate to show that solutions to the subcritical
dissipative quasi-geostrophic equations with initial data in the scaling-invariant
Lebesgue space are analytic in space variables. Some decay in time estimates for
space–time derivatives are also obtained.

1. Introduction and the main theorem

We are interested in the initial value problem of the two-dimensional dissipative
quasi-geostrophic equations

{
θt + u∇θ + (−∆)γ/2θ = 0, on R

2 × (0,∞),

θ(0, x) = θ0(x), x ∈ R
2,

(1)

where γ ∈ (0, 2] is a fixed parameter and the velocity u = (u1, u2) is divergence
free and determined by the Riesz transforms of the potential temperature θ :

u = (−R2θ,R1θ) = (−∂x2(−∆)−1/2θ, ∂x1(−∆)−1/2θ).

This equation is an important model in geophysical fluid dynamics. It is derived from
the general quasi-geostrophic equations in the special case of constant potential
vorticity and buoyancy frequency. When γ = 1, it is the dimensionally correct
analogue of the three-dimensional Navier–Stokes equations. Recently, this equation
has been studied intensively; see [5–9,19], and references therein.

The global existence of a weak solution to (1) follows from Resnick [16]. The
cases γ > 1, γ = 1, and γ < 1 are called subcritical, critical, and supercritical
respectively. The subcritical case is the best understood. Wu [19] established the
global existence of a unique regular solution to (1) with initial data θ0 in L p for
p > 2/(γ − 1). With initial data in the scaling-invariant space L2/(γ−1), the proof
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of global well-posedness can be found, for example, in the recent work of Carrillo
and Ferreira [1], where the asymptotic behavior of the solutions is also studied.
By using the Fourier splitting method, Constantin and Wu [5] showed the global
existence of a regular solution on the torus with periodic boundary conditions and
also a L2 decay estimate for weak solutions with data in L2(R2) ∩ L1(R2). Ju
[8,9] shows local well-posedness for all cases with initial data in the Sobolev space
Hs for s > 2 − γ , and global in time well-posedness for the subcritical case.
These results were later improved upon and extended to all three cases with initial
data in H2−γ by Ju [10], and independently by Miura [13] who uses a different
approach. We also note that an important maximum principle of solutions to (1)
was established by Córdoba and Córdoba [7]. It is already well known that in the
critical case the solutions are smooth. However, it seems to us that higher regularity
and analyticity properties of these solutions have not been studied in detail.

In this paper, we study the subcritical quasi-geostrophic (1) with initial data in
L2/(γ−1)(R2). Clearly, if θ(t, x) is a solution, then

θλ(t, x) = λγ−1θ(λγ t, λx)

is also a solution of (1) with initial data θλ(0, x) = λγ−1θ0(λx). The Lebesgue
space L2/(γ−1)(R2) is called scaling invariant because

‖θλ(0, ·)‖L2/(γ−1) = ‖θ0(·)‖L2/(γ−1)

for any λ > 0. As we mentioned before, local well-posedness in L2/(γ−1)(R2) is
well known and can be proved by Kato’s method (see, for example, the Appendix of
[1]). The global in time well-posedness then follows from the local well-posedness
and the L p maximum principle [7]. We are interested in the higher regularity of
these solutions. We establish an optimal estimate of the solutions in higher-order
Sobolev norms (Theorems 1, 2). This estimate then implies that the solutions are
analytic in space variables (see Remark 2). A decay in time estimate for any space
derivatives is also obtained (Theorem 2). Note that similar analyticity rate estimates
were established for the Navier–Stokes equations in [14,17]. However, the existing
methods do not give analyticity of the solutions for γ < 2 (see Remark 7).

Before we state our results precisely, we shall explain some notations and
settings. Define the kernel G(t, x) = Gγ (t, x) by its Fourier transform

Ĝγ (t, ξ) = e−t |ξ |γ for t > 0.

Then G(t, x) is the fundamental solution of the linear operator ∂t + (−∆)γ/2.
Clearly, G2(t, x) is the heat kernel and G1(t, x) is the Poisson kernel. Moreover,
Gγ (t, x) has the scaling property

Gγ (t, x) = t−
2
γ Gγ

(
1, t−

1
γ x
)

. (2)

It is well known that (1) can be rewritten as an integral equation

θ(t) = G(t) ∗ θ0 −
∫ t

0
G(t − s, ·) ∗ (u∇θ)(s, ·) ds. (3)
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For q ∈ ( 2
γ−1 ,∞], T ∈ (0,∞], let α = 1 − 1

γ
− 2

qγ
. We define the auxiliary space

(first introduced by Weissler [18] in the study of mild solutions of the Navier–
Stokes equations),

Kq =
{

u | tαu ∈ BC((0, T ), Lq
x ), lim

t→0
tα‖u‖Lq

x
= 0

}
.

Introduce the Banach spaces,

X0
q,T = BC

(
[0, T ), L

2
γ−1
x

)
∩ Kq

with norm

‖u‖X0
q,T

= max

{
‖u‖

L∞
t ([0,T ))L

2
γ−1
x

, ‖tαu‖L∞
t ((0,T ))Lq

x

}
,

and

Xk
q,T = Xk−1

q,T ∩
{

u | t
k
γ Dku ∈ BC

(
(0, T ), L

2
γ−1
x

)}

∩
{

u | t
k
γ

+α Dku ∈ BC((0, T ), Lq
x )
}

with norm

‖u‖Xk
q,T

= max
{
‖u‖Xk−1

q,T
, ‖u‖Y k

q,T

}
,

where ‖ · ‖Y k
q,T

is a semi-norm defined by

‖u‖Y k
q,T

= max

{
‖t

k
γ Dku‖

L∞
t ((0,T ))L

2
γ−1
x

, ‖t
k
γ

+α Dku‖L∞
t ((0,T ))Lq

x

}
.

The main motivation of the article is as follows. Since the solutions to the corres-
ponding linear equations are spatial analytic if γ � 1, it is natural to ask whether
this is still true for the solutions to (1). Here we give an affirmative answer to this
question for γ ∈ (1, 2]. Next we state our main results.

Theorem 1 (Short-time spatial analyticity). Let γ ∈ (1, 2], θ0 ∈ L
2

γ−1 and
q ∈ ( 2

γ−1 ,∞]. Then there exists T > 0 such that the initial value problem for (1)

has a unique mild solution θ(t, x) in Xk
q,T for any integer k � 0, and we have the

estimate
‖θ‖Xk

q,T
� Ck+1kk (4)

with a constant C independent of k and T .

Remark 1. The reason we shall use the so-called two-norm approach is because

the bilinear operator is not continuous from C([0, T ), L
2

γ−1
x )× C([0, T ), L

2
γ−1
x ) to

C([0, T ), L
2

γ−1
x ). However, the mild solution is unique in the space C([0, T ), L

2
γ−1
x )

(see [4]).
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The most important part in the proof of Theorem 1 is Lemma 3 (or Lemma 6 in
the second proof). Our treatment of the bilinear term is novel and makes better use
of the smoothing effect of the Stokes kernel. The idea is that the smoothing effect
takes place gradually in time (see Section 3).

From Theorem 1 and the L p maximum principle for the quasi-geostrophic
equations, it is not difficult to prove the long-time spatial analyticity of θ(t, x).

Corollary 1. Under the assumptions of Theorem 1, the initial value problem for
(1) has a unique mild solution θ(t, x) in Xk

q,∞ for any integer k � 0. Moreover, for
any T > 0 we have the estimate

‖θ‖Xk
q,T

� CT Ckkk, (5)

with constants CT , C independent of k.

The next theorem improves the previous corollary by removing the time-
dependent constant CT .

Theorem 2 (Long-time spatial analyticity). Under the assumptions of Theorem 1,
the initial value problem for (1) has a unique mild solution θ(t, x) in Xk

q,∞ for any
integer k � 0, and we have the estimate

‖θ‖Xk
q,∞ � Ck+1kk (6)

with a constant C independent of k. In particular, the following decay in time
estimate holds

‖Dkθ(t, ·)‖Lq
x

� Ckt−
k
γ

−αkk .

Remark 2. Taking q = ∞ in Theorem 2 (or Corollary 1) implies that θ(t, x) is
spatial analytic for any t ∈ (0,∞). Moreover, the radius of (spatial) analyticity of
the solution θ(t, x) increases with time at a rate proportional to t1/γ .

Remark 3. Note that in Theorem 2 we do not impose any smallness assumption
on the initial data.

Remark 4. In fact, our proof gives a stronger result (see Section 7): for any integer
k � 0 and any real number β � 0, q ∈ ( 2

γ−1 ,∞], we have

‖Dk(−∆)β/2θ(t, ·)‖Lq
x

� Ck+β t−
k+β
γ

−α
Γ (k + β + 1).

Moreover, the same estimate is true with u in place of θ . Consequently, u is also
spatial analytic.

For the mixed space–time derivatives, we have the following estimate.

Theorem 3 (Bound on mixed space–time derivatives). Let γ ∈ (1, 2], θ0 ∈
L

2
γ−1 . Let θ(t, x) be the unique global solution in Theorem 2. Then there exists a

constant C = C(θ0, γ ) such that
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(i) for any 0 < t ≤ 1, we have∥∥∥∂m
t ∂k

x θ

∥∥∥
L∞

x

≤ C2m+k+1 · (2m + k)2m+k · t−
2m+k+1

γ , (7)

(ii) for any t ≥ 1, the following decay in time estimate holds∥∥∥∂m
t ∂k

x θ

∥∥∥
L p

x
≤ Cmγ+k+1 · (2m + k)2m+k · t−

k
γ

−m−α
, (8)

where α = 1 − 1
γ

− 2
pγ

. Moreover, for any ε > 0, there exists a constant
Cε = Cε(θ0, γ ), such that

∥∥∥∂m
t ∂k

x θ

∥∥∥
L∞

x

≤ Cmγ+k+1
ε · (2m + k)2m+k · t

−
(

k−1
γ

+m+1−ε
)
. (9)

Remark 5. Without much more work, we can modify our proof to show the follo-
wing limiting behavior of θ as t → 0:

lim
t→0

t
k
γ

+α‖Dkθ(t, ·)‖Lq
x

= 0, (10)

lim
t→0

t
2m+k+1

γ

∥∥∥∂m
t ∂k

x θ(t, ·)
∥∥∥

L∞
x

= 0, (11)

for any k � 0, m � 0, q ∈ [ 2
γ−1 ,∞], and (k, q) 
= (0, 2

γ−1 ).

Remark 6. These results can be easily generalized to higher dimensional quasi-
geostrophic equations with obvious modifications.

The remaining part of the article is organized as follows. In the next section,
we recall some estimates of the kernel. The bilinear term is estimated in Section 3,
where we make a novel use of the smoothing effect of the Stokes kernel. Sections
4 and 5 are devoted to the existence of solutions in Xk

q,T , k = 0, 1, 2, . . . and an
analyticity rate estimate. We then give the proof of Theorems 1 and 2 in Section
6. The proof of Theorem 2 uses a trick of translation of the time. A second proof
of it based on fractional bootstraping is provided in Section 7. Theorem 3 will be
proved in Section 8, and in the last section we provide a remark on the case with
periodic boundary conditions.

2. Estimates of the linear term

We need the following refined estimates of the linear term.

Lemma 1. Let γ ∈ (0,∞), 1 � r � p � ∞. For any integer k � 0 and
θ0 ∈ Lr (R2),

‖Dk
x G(t, ·)‖L p

x
� Ck+1

γ k
k
γ t

− k
γ

− 2
γ

(
1− 1

p

)
, (12)

‖Dk
x G(t, ·) ∗ θ0(·)‖L p

x
� Ck+1

γ k
k
γ t

− k
γ

− 2
γ

(
1
r − 1

p

)
‖θ0‖Lr , (13)
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where Cγ � 1 is a constant depending only on γ . Moreover, for any θ0 ∈ L
2

γ−1 ,
γ ∈ (1, 3], and q ∈ ( 2

γ−1 ,∞], we have

sup
t∈(0,∞)

tα‖G(t, ·) ∗ θ0(·)‖Lq
x

� Cγ ‖θ0‖
L

2
γ−1

, (14)

lim
t→0+ tα‖G(t, ·) ∗ θ0(·)‖Lq

x
= 0, (15)

where α = 1 − 1
γ

− 2
γ q .

Proof. Notice that (13) follows from (12) and Hölder’s inequality, (14) is a special
case of (13), and the proof (15) of can be found, for example, in Lemma 2.1 of [1].
It suffices to prove the estimate (12). However, this is an easy consequence of the
scaling property (2) if k = 0, 1. For k � 2, (12) follows from the identity

Dk
x G(t, ·) = Dx G

(
t

2k
, ·
)

∗ · · · ∗ Dx G

(
t

2k
, ·
)

∗ G

(
t

2
, ·
)

,

and the Young’s inequality. ��
Similarly we can prove the following fractional linear estimate.

Lemma 2. Let γ ∈ (0,∞), 1 � p � ∞. Let k ≥ 0 be an integer and ε ∈ [0, 1].
Then for some constant Cγ > 0, we have

∥∥∥Λk+εG(t, ·)
∥∥∥

L p
x

≤ Ck+1
γ k

k
γ t

− k+ε
γ

− 2
γ

(
1− 1

p

)
. (16)

Proof. This is the same as in the proof of Lemma 1. One fact used is thatΛεG(t, ·) ∈
L p

x for any 1 ≤ p ≤ ∞. For ε ∈ [0, 1], this easily follows from the following
pointwise estimate (see Lemma 2.2 of [12]),∣∣ΛεG(1, x)

∣∣ ≤ C · (1 + |x |)−2−ε.

The lemma is proved. ��

3. Estimates of the bilinear term

Since u is divergence free, we have u∇θ = ∇ · (uθ). Therefore, by using
integration by parts, the integral equation (3) is equivalent to

θ(t) = �(t) − B(θ, θ)(t), (17)

where

�(t) = G(t) ∗ θ0, B(v,w) :=
∫ t

0
∇G(t − s, ·) ∗ (Rv · w)(s, ·) ds.

The following lemma is a key step in this paper. Roughly speaking, the idea is that
the smoothing effect should take place gradually in time. To deal with the bilinear
term, we split the interval (0, t) into k + 1 parts I0, . . . , Ik evenly. In I0, we put all
the derivatives into the kernel G(t −s, ·). We then shift the derivatives to Rv ·w(s, ·)
one by one as we move from I0 to Ik+1. By doing this, one makes better use of the
smoothing effect of the linear operator.
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Lemma 3. Assume that v and w are functions in Xk
q,T for some T ∈ (0,∞],

q ∈ ( 2
γ−1 ,∞], and some integer k � 0. Then B(v,w) is also in Xk

q,T . For k = 0,
we have

‖B(v,w)‖X0
q,T

≤ C0 ‖v‖1/2
X0

q,T

∥∥tαv
∥∥1/2

L∞
t Lq

x

∥∥tαw
∥∥

L∞
t Lq

x
, (18)

and for k > 0,

‖B(v,w)‖Y k
q,T

� C0‖v‖Y k
q,T

‖tαw‖L∞
t ((0,T ))Lq

x

+C0‖w‖Y k
q,T

‖v‖1/2
X0

q,T
‖tαv‖1/2

L∞
t ((0,T ))Lq

x
+ C1

k−1∑
j=1

(
k

j

)
‖v‖

Y j
q,T

‖w‖
Y k− j

q,T

+
k−1∑
m=0

m∑
j=0

(
m

j

)
· Ck−m+1

1 k
k
γ m− m

γ ‖v‖
Y j

q,T
‖w‖

Y m− j
q,T

, (19)

where C0 and C1 are constants independent of k. Also in the case m = 0, we define
00 = 1.

Remark 7. We note that the existing methods of estimating the nonlinear term of
the Navier–Stokes equations (see, for example, [1,3,14,15,17]) can also provide
smoothness of the solution to (17). In those papers, the integrals corresponding to
B(v,w) are split into two parts for small time and large time, and with a suitable
arrangement one can only obtain a less satisfactory estimate

‖θ‖Xk
q,T

� Ck+1k2k/γ .

However, this does not imply the spatial analyticity of θ if γ < 2. This is the main
reason why we shall use Lemma 3.

Proof of Lemma 3. For any function v(t, x), let us write

‖v‖k,q,t :=
∥∥∥t

k
γ

+1− 1
γ

− 2
γ q Dk

xv

∥∥∥
L∞

t ((0,t))Lq
x
.

For any q, q1, q2 ≥ 1 with 1
q = θ

q1
+ 1−θ

q2
, 0 ≤ θ ≤ 1, the following interpolation

inequality obviously holds:

‖v‖k,q,t ≤ ‖v‖θ
k,q1,t

‖v‖1−θ
k,q2,t

. (20)

We will use this fact later in this proof. Now by the Leibniz rule we have

Dk
x B(v,w)

=
k∑

m=0

∫ (m+1)t
k+1

mt
k+1

Dk−m
x ∇x G(t − s, ·) ∗ (Dm

x (Rv(s) · w(s))
)

ds

=
k∑

m=0

m∑
j=0

(
m

j

)∫ (m+1)t
k+1

mt
k+1

Dk−m
x ∇x G(t − s, ·) ∗ (D j

x Rv(s) · Dm− j
x w(s)) ds.
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Let q ′
0, q ′′

0 ≥ 2
γ−1 . We shall take q0 to be either 2

γ−1 or q. The choice of q ′
0, q ′′

0 will
be clear later. For now we shall derive a general estimate using q ′

0, q ′′
0 . By Young’s

inequality and Hölder’s inequality we have

∥∥∥Dk
x B(v,w)

∥∥∥
L

q0
x

≤
k∑

m=0

m∑
j=0

(
m

j

)∫ (m+1)t
k+1

mt
k+1

∥∥∥Dk−m
x ∇x G(t − s, ·)

∥∥∥
Lr

x

·
∥∥∥∥
(

D j
x Rv(s)

∥∥∥
L

q0
′

x

∥∥∥Dm− j
x w(s)

)∥∥∥∥
L

q′′
0

x

ds, (21)

where r , q ′
0, q ′′

0 satisfy

1 + 1

q0
= 1

r
+ 1

q ′
0

+ 1

q ′′
0
. (22)

We now estimate the right-hand side of (21). There are three cases.

Case 1. 1 ≤ m ≤ k − 1. In this case as we shall see, we need to require that
q ′

0, q ′′
0 ≥ 2

γ−1 and 1 − 1
r ≤ γ−1

2 . By (12) we have

∫ (m+1)t
k+1

mt
k+1

∥∥∥Dk−m
x ∇x G(t − s, ·)

∥∥∥
Lr

x

∥∥∥∥
(

D j
x Rv(s)

∥∥∥
L

q0
′

x

∥∥∥Dm− j
x w(s)

)∥∥∥∥
L

q′′
0

x

ds

≤ Ck−m+1
γ (k − m + 1)

k−m+1
γ

∫ (m+1)t
k+1

mt
k+1

(t − s)
− k−m+1

γ
− 2

γ

(
1− 1

r

)

·s− m
γ

−(2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)
ds · ‖Rv‖ j,q ′

0,t ‖w‖m− j,q ′′
0 ,t

≤ t
− k

γ
−(1− 1

γ
− 2

γ q0
) · β(k, m) · ‖Rv‖ j,q ′

0,t ‖w‖m− j,q ′′
0 ,t ,

where β(k, m) is bounded by

β(k, m) ≤ Ck−m+1
γ (k − m + 1)

k−m+1
γ

∫ m+1
k+1

m
k+1

(1 − s)
− k−m+1

γ
− 2

γ

(
1− 1

r

)

·s− m
γ

−
(

2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)
ds

≤ Ck−m+1
γ (k − m + 1)

k−m+1
γ · 1

k + 1

·
(

1 − m + 1

k + 1

)− k−m+1
γ

− 2
γ

(
1− 1

r

) (
m

k + 1

)− m
γ

−
(

2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)

≤ Ck−m+1
γ · (2e)

1
γ · (k + 1)

k
γ

+1− 1
γ

− 2
γ q0 · m

− m
γ

−
(

2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)
.

Now if

1 − 1

γ
− 2

γ q0
≤ 2 − 2

γ
− 2

γ q ′
0

− 2

γ q ′′
0
,
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or by (22) equivalently,

1 − 1

r
≤ γ − 1

2
,

then we have

β(k, m) ≤ Ck−m+1
γ · (2e)

1
γ · (k + 1)

k
γ

+1− 1
γ

− 2
γ q0 · m

− m
γ

−
(

1− 1
γ

− 2
γ q0

)
.

If 1 ≤ m ≤ k
2 , then clearly

β(k, m) ≤ Ck−m+1
γ · (k + 1) · (2e)

1
γ

(k + 1)
k
γ

m
m
γ

≤ Ck−m+1
2 · k

k
γ m− m

γ ,

where C2 is given by

C2 = Cγ max
k≥0

(100(k + 1))
2

k+1 .

If k
2 ≤ m ≤ k − 1, then it is also not difficult to see that for some constant

C3 = 100Cγ ,

β(k, m) ≤ Ck−m+1
3

k
k
γ

m
m
γ

.

Case 2. m = 0. In this case, if 1 < γ < 2, then we require only q ′
0, q ′′

0 ≥ 2
γ−1 . If

γ = 2, then q ′
0, q ′′

0 cannot both be ∞. We have by (12),

∫ t
k+1

0

∥∥∥Dk
x∇x G(t − s, ·)

∥∥∥
Lr

x

‖Rv(s, ·)‖
L

q′
0

x

‖w(s, ·)‖
L

q′′
0

x

ds

≤ t
− k

γ
−
(

1− 1
γ

− 2
γ q0

)
Ck+1

γ (k + 1)
k+1
γ

·
∫ 1

k+1

0
(1 − s)

− k+1
γ

− 2
γ

(
1− 1

r

)
s
−
(

2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)
ds · ‖Rv‖0,q ′

0,t
‖w‖0,q ′′

0 ,t

≤ t
− k

γ
−
(

1− 1
γ

− 2
γ q0

)
Ck+1

4 · k
k
γ

∫ 1
2

0
s
−
(

2− 2
γ

− 2
γ q′

0
− 2

γ q′′
0

)
ds · ‖Rv‖0,q ′

0,t
‖w‖0,q ′′

0 ,t ,

where C4 is some sufficiently large constant independent of k. Clearly in the last
line, for the integral over s to converge, we must have the following condition on
q ′

0, q ′′
0 . If 1 < γ < 2, then we require q ′

0, q ′′
0 ≥ 2

γ−1 . If γ = 2, then q ′
0, q ′′

0 cannot
both be ∞.
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Case 3. m = k. In this case we require q ′
0 ≥ 2

γ−1 , q ′′
0 ≥ 2

γ−1 , and 1 − 1
r <

γ−1
2 .

Note that r is not allowed to take the critical value 2
3−γ

. This will become clear in
the following calculation. By (12), we have∫ t

1− t
k+1

‖∇x G(t − s, ·)‖Lr
x

∥∥∥D j
x Rv(s, ·)

∥∥∥
L

q′
0

x

∥∥∥Dk− j
x w(s, ·)

∥∥∥
L

q′′
0

x

ds

≤ t
− k

γ
−
(

1− 1
γ

− 2
γ q0

)
Cγ · ‖Rv‖ j,q ′

0,t ‖w‖k− j,q ′′
0 ,t

·
∫ 1

1− 1
k+1

(1 − s)
− 1

γ
− 2

γ

(
1− 1

r

)
s
− k

γ
−
(

2− 2
γ

− 2
γ q0

− 2
γ q′

0

)
ds

≤ t
− k

γ
−
(

1− 1
γ

− 2
γ q0

)
· ‖Rv‖ j,q ′

0,t ‖w‖k− j,q ′′
0 ,t · C5 ·

∫ 1

1
2

(1 − s)
− 1

γ
− 2

γ

(
1− 1

r

)
ds,

where C5 is another constant which does not depend on k. Clearly for the integral
over s in the last line above to converge, we must impose the condition 1− 1

r <
γ−1

2 .
From the analysis in the above three cases, we see that for any q ′

j , q ′′
j ≥ 2

γ−1
we have

‖B(v,w)‖k,q0,t

≤ A1(r1)

k−1∑
m=1

m∑
j=0

(
m

j

)
Ck−m+1

6 k
k
γ m− m

γ ‖Rv‖ j,q ′
1,t

‖w‖m− j,q ′′
1 ,t

+A2(q
′
2, q ′′

2 , γ ) · Ck+1
6 · k

k
γ ‖Rv‖0,q ′

2,t
‖w‖0,q ′′

2 ,t

+A3(r3) · C6 ·
k∑

j=0

(
k

j

)
‖Rv‖ j,q ′

3,t
‖w‖k− j,q ′′

3 ,t , (23)

where

1 + 1

q0
= 1

r j
+ 1

q ′
j

+ 1

q ′′
j
, j = 1, 2, 3 (24)

A1(r1)

⎧⎨
⎩

≤ C7, if 1 − 1

r1
≤ γ − 1

2
,

= ∞, otherwise

A2(q
′
2, q ′′

2 , γ )

{
= ∞, if γ = 2 and q ′

2 = q ′′
2 = ∞,

≤ C7, otherwise

A3(r3)

⎧⎨
⎩

≤ C7, if 1 − 1

r3
<

γ − 1

2
,

= ∞, otherwise,

and C6 and C7 are sufficiently large constants independent of k. The first two terms
on the right-hand side of (23) can be dealt with easily. We take q ′′

1 = q ′′
2 = q0,
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q ′
1 = q ′

2= 2
γ−1 and note that by this choice A1, A2 ≤ C7. By the continuity of the

Riesz operator R on L p for 1 < p < ∞, we have

‖B(v,w)‖k,q0,t ≤
k−1∑
m=0

m∑
j=0

(
m

j

)
Ck−m+1

8 k
k
γ m− m

γ ‖v‖ j, 2
γ−1 ,t ‖w‖m− j,q0,t

+A3(r3) · C6 ·
k∑

j=0

(
k

j

)
‖Rv‖ j,q ′

3,t
‖w‖k− j,q ′′

3 ,t

≤
k−1∑
m=0

m∑
j=0

(
m

j

)
Ck−m+1

8 k
k
γ m− m

γ ‖v‖
Y j

q,t
‖w‖

Y m− j
q,t

+A3(r3) · C6 ·
k∑

j=0

(
k

j

)
‖Rv‖ j,q ′

3,t
‖w‖k− j,q ′′

3 ,t , (25)

where C8 is another large constant independent of k. The last term on the right-
hand side of (25) needs to be estimated more carefully. The problem is that we must
require 1 − 1

r3
<

γ−1
2 in order that A3(r3) be finite. Note that we cannot take q ′

3 to
be ∞ since the Riesz operator R is only continuous on L p for 1 < p < ∞. This
fact motivates us to bound ‖Rv‖ j,q ′

3,t
by ‖v‖ j,q ′

3,t
and then interpolate between

‖v‖ j, 2
γ−1 ,t and ‖v‖ j,q,t . More precisely, we take q ′

3 ∈ ( 2
γ−1 ,∞) such that

1

q ′
3

= γ − 1

4
+ 1

2q
.

Since 1 < q ′
3 < ∞, by the continuity of the Riesz operator R and (20), we have

for some constant C9,

‖Rv‖ j,q ′
3,t

≤ C9 ‖v‖ j,q ′
3,t

≤ C9 ‖v‖
1
2

j, 2
γ−1 ,t

‖v‖
1
2
j,q,t .

To satisfy the condition 1 − 1
r3

<
γ−1

2 , we take q ′′
3 = q0. By (24) we have

1 + 1

q0
= 1

r3
+ 1

2q
+ γ − 1

4
+ 1

q0
.

For either q0 = 2/(γ −1) or q0 = q > 2/(γ −1), we easily check that 1− 1
r3

<
γ−1

2
and therefore A3(r3) is bounded. Now for 1 ≤ j ≤ k − 1, it is obvious that

‖Rv‖ j,q ′
3,t

‖w‖k− j,q ′′
3 ,t ≤ C9 ‖v‖

1
2

j, 2
γ−1 ,t

‖v‖
1
2
j,q,t ‖w‖k− j,q0,t

≤ C9 ‖v‖
Y j

q,t
‖w‖

Y k− j
q,t

.

For j = 0, we have

‖Rv‖0,q ′
3,t

‖w‖k,q ′′
3 ,t ≤ C9 ‖v‖

1
2

0, 2
γ−1 ,t

‖v‖
1
2
0,q,t ‖w‖k,q0,t

≤ C9 ‖v‖
1
2

X0
q,t

‖v‖
1
2
0,q,t ‖w‖Y k

q,t
.
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The case for j = k follows similarly. Estimate (19) is now proved by taking C0,
C1 to be sufficiently large but independent of k. The lemma is proved.

��

4. Existence of solutions in Xk
q,T

We proceed the proof of the existence of solutions in Xk
q,T by using the bilinear

estimate (3) and a contraction argument. Denote θ1 = �. Let F be a map in Xk
q,T

defined as

F(θ) = � − B(θ, θ).

We define inductively θ j+1 = F(θ j ).

Proposition 1. Let γ ∈ (1, 2], θ0 ∈ L
2

γ−1 , and q ∈ ( 2
γ−1 ,∞]. Then there exists

T > 0 such that the initial value problem for (17) has a unique solution θ(t, x) in
Xk

q,T for any integer k � 0.

Proof. The well-posedness of (1) in X0
q,T for some T > 0 is a known result (See,

for example, [1]). Here we give a sketched proof for the sake of completeness.
Step 1: Existence in X0

q,T . Due to Lemma 1,

‖�‖X0
q,∞ � R := Cγ ‖θ0‖L2/(γ−1)

is bounded and

lim
t→0

tα‖�‖Lq
x

= 0.

Let ε ∈ (0, R) be a small positive number satisfying

4C0 R1/2ε3/2 < ε, 2C0(ε + (εR)1/2) < 1/6, (26)

where C0 is the constant in Lemma 3. We choose T sufficiently small such that

‖tα�‖L∞
t ((0,T ))Lq

x
< ε.

Owing to (18), it is easy to check that for any j � 1

‖tαθ j‖L∞
t ((0,T ))Lq

x
< 2ε, ‖θ j‖X0

q,T
< 2R. (27)

Since by (18), (27), and the second inequality in (26), for any j � 2,

‖θ j+1 − θ j‖X0
q,T

� ‖B(θ j − θ j−1, θ j )‖X0
q,T

+ ‖B(θ j−1, θ j − θ j−1)‖X0
q,T

� C0‖θ j − θ j−1‖X0
q,T

(2ε + 2(εR)1/2)

� ‖θ j − θ j−1‖X0
q,T

/2.
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Therefore,

‖θ j+1 − θ j‖X0
q,T

� C̄2− j ,

and the sequence {θ j } is Cauchy in X0
q,T . Thus, it converges to some θ ∈ X0

q,T ,

which is a fixed point of F and is a mild solution of (1) in X0
q,T .

Step 2: Existence in Xk
q,T . Next, we show that {θ j } is also a Cauchy sequence

in Xk
q,T for any k � 1. Based on the linear estimate and the bilinear estimate which

we obtained before, the argument is quite standard.
From the proof above it is clear that, for any j � 1,

C0‖θ j‖1/2
X0

q,T
‖tαθ j‖1/2

L∞
t ((0,T ))Lq

x
< 1/6. (28)

By Lemma 1,

‖�‖Xk
q,∞ � Rk := Ck+1

γ kk/γ ‖θ0‖L2/(γ−1)

is bounded for k � 1. We first prove inductively on k that, for each k � 0,
‖θ j‖Xk

q,T
, j � 0 are uniformly bounded. The case when k = 0 is proved in the first

step. Now assume that we have

‖θ j‖Xk
q,T

� C ′
k, for j � 1.

This, together with (19), implies that ‖θ j+1‖Xk+1
q,T

is less than

Rk+1 + 2C0‖θ j‖Xk+1
q,T

‖θ j‖1/2
X0

q,T
‖tαθ j‖1/2

L∞
t ((0,T ))Lq

x

+C1

k−1∑
l=1

(
k

l

)
‖θ j‖Y l

q,T
‖θ j‖Y k−l

q,T

+
k−1∑
m=0

m∑
l=0

(
m

l

)
· Ck−m+1

1 k
k
γ m− m

γ ‖θ j‖Y l
q,T

‖θ j‖Y m−l
q,T

� Rk+1 + 1

3
‖θ j‖Xk+1

q,T
+ C ′′

k (C ′
k)

2,

where C ′′
k is a constant depending only on k. Then by iteration it follows immediately

that

‖θ j‖Xk
q,T

� C ′′
k+1 := 3

2
(Rk+1 + C ′′

k (C ′
k)

2), (29)

which shows that, for each k, ‖θ j‖Xk
q,T

, j � 1 are uniformly bounded.

Next we verify that {θ j } is a Cauchy sequence in Xk
q,T :

‖θ j+1 − θ j‖Xk
q,T

� C̄k2− j . (30)
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Again we proceed by an induction on k. The case when k = 0 is proved in step 1.
Assume this is already proved for l = 1, 2, . . . , k. Since

θ j+1 − θ j = B(θ j − θ j−1, θ j ) + B(θ j−1, θ j − θ j−1),

(19), our inductive assumption, and (29) yield

‖θ j+1 − θ j‖Xk
q,T

� 1

3
‖θ j − θ j−1‖Xk

q,T
+ C ′′

k 2− j .

From this and (29), we easily conclude (30) for some C̄k depending only on k. As
a consequence, {θ j } is Cauchy in Xk

q,T and it converges to some θ ∈ Xk
q,T , which

is a fixed point of F and a solution of (1) in Xk
q,T . The proposition is proved. ��

5. Estimate of analyticity rate

The next lemma is quite elementary.

Lemma 4. Suppose C2, C ′
2, A0, and A1 are positive numbers, and Ak, k � 2

satisfies

Ak = C2 + C ′
2

∑
0�i� j�k−1,i+ j�k

Ai A j . (31)

Then there exists C3 depending only on A0, A1, C2, C ′
2 such that Ak � Ck+1

3 .

Proof. Without loss of generality we can assume that A0 = A0 = C2. By conside-
ring C ′

2 Ak instead of Ak , we may further assume C ′
2 = 1. We define a generating

function f (x) =∑∞
i=0 A0xk . Due to (31), f (x) satisfies

(2C2 + 1) f (x) = C2 + ( f (x))2

1 − x
+ C2

2 (1 − x).

This gives

f (x) = 1

2

[
(2C2 + 1)(1 − x) −

√
(1 − x)2(1 + 4C2) − 4C2

]
.

Notice that the coefficients of f (x) grow at most exponentially and satisfy the
recursive formula (31). Therefore, we can find C3 > 0 such that Ak � Ck+1

3 . ��

Now we are ready to estimate the Xk
q,T norms of θ .

Proposition 2. There exists a constant C independent of k satisfying

‖θ‖Xk
q,T

� Ck+1kk . (32)
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Proof. Due to (17), we have

‖θ‖Xk
q,T

� ‖�‖Xk
q,T

+ ‖B(θ, θ)‖Xk
q,T

.

Now we use (13), (19), and (28) and replace C1 with max{Cγ , C1} to obtain

‖θ‖Xk
q,T

� Ck+1
1 k

k
γ + 1

3
‖θ‖Xk

q,T
+ C1

k−1∑
j=1

(
k

j

)
‖θ‖

X j
q,T

‖θ‖
Xk− j

q,T

+
k−1∑
m=0

m∑
j=0

(
m

j

)
· Ck−m+1

1 k
k
γ m− m

γ ‖θ‖
X j

q,T
‖θ‖

Xm− j
q,T

.

Thus,

‖θ‖Xk
q,T

� 3

2

⎡
⎣Ck+1

1 kk + C1

k−1∑
j=1

(
k

j

)
‖θ‖

X j
q,T

‖θ‖
Xk− j

q,T

⎤
⎦

+
k−1∑
m=0

m∑
j=0

(
m

j

)
· Ck−m+1

1 kkm−m‖θ‖
X j

q,T
‖θ‖

Xm− j
q,T

. (33)

Finally, we denote Ak = ‖θ‖Xk
q,T

C−k
1 k−k and apply Lemma 4 to get

Ak � Ck
3 , ‖θ‖Xk

q,T
� Ck+1

3 Ck
1 kk .

Here we also use the obvious inequality
(m

j

)
� mm j− j (m− j)−m+ j . This completes

the proof of Proposition 2. ��

6. Proofs of Theorem 1 and 2

We are ready to prove Theorems 1 and 2, and Corollary 1.

Proof of Theorem 1. This follows directly from Propositions 1 and 2. ��
Proof of Corollary 1. Since uniqueness follows in a standard way from the local

uniqueness result, we only have to show the existence of a mild solution in Xk
q,T

for any T > 0. From Theorem 1, there exists a mild solution θ ∈ Xk
q,T1

for some
T1 > 0. From the proof of Proposition 1, one can see that the only conditions
needed are the boundedness of ‖�‖Xk

q,T
and the smallness of tα‖�‖Lq

x
. By the

linear estimate in Section 2, the boundedness of ‖�‖Xk
q,T

can be deduced from the

boundedness of ‖θ0‖L2/(γ−1) . The smallness of tα‖�‖Lq
x

can be deduced from either
the boundedness of ‖θ0‖L2/(γ−1) , or the boundedness of ‖θ0‖Lq if we already know
that θ0 is in Lq . ��
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If T1 is finite, by the L p maximum principle, we have for any s ∈ (T1/2, T1)

‖θ(s, ·)‖Lq
x

� ‖θ(T1/2, ·)‖Lq
x
, ‖θ(s, ·)‖

L2/(γ−1)
x

� ‖θ0‖L2/(γ−1)
x

. (34)

For each s ∈ (T1/2, T1), we solve (1) with initial data θ(s, ·) in place of θ0. Due
to (34), there exists a δ > 0 uniformly with respect to s such that (1) has a mild
solution for t ∈ [s, s + δ). Letting s → T1 gives a solution in Xk

q,T1+δ . We can

iterate this process and obtain a solution in Xk
q,T .

This argument together with (4) also implies (5). Indeed, by Theorem 1, (5)
holds for t ∈ (0, T1]. For t ∈ [T1, T ), we can consider θ(t, ·) as a solution of
(1) starting from s := t − min{δ, T1}/2 with initial data θ(s, ·). The proof of the
corollary is then completed.

Proof of Theorem 2. Due to Corollary 1, we only have to prove (6). The following
lemma is proved in a recent preprint of Carrilo and Ferreira [1]. ��
Lemma 5. Let q ∈ (2/(γ − 1),∞] and θ ∈ X0

q,∞ be the mild solution of (1) with

initial data θ0 ∈ L2/(γ−1). Then we have

‖tαθ‖L∞
t ((0,∞))Lq

x
� C ′‖θ0‖L2/(γ−1) , (35)

for some positive constant C ′ depending only on γ .

Let ε and R be the constants in the proof of Proposition 1. We choose δ sufficiently
small such that

(2δ)α(1 − δ)−αC ′‖θ0‖L2/(γ−1) � ε. (36)

For any fixed t1 > 0, let s = (1 − δ)t1. Let θ̄ ∈ X0
q,∞ be the unique mild solution

of (1) with initial data θ̄0 = θ(s, ·). Denote �̄ to be the corresponding solution to
the linear equation. Then by Lemma 1 and the L p maximum principle, we have for
any k � 0

‖�̄‖X0
q,∞ � R, ‖�̄‖Xk

q,∞ � Rk,

where R and Rk are the same constants as in the proof of Proposition 1. From (35)
and (36), we have

‖tα�̄‖L∞
t ((0,2δt1))Lq

x
� (2δt1)

α‖�̄‖L∞
t ((0,2δt1))Lq

x
� (2δt1)

α‖θ(s)‖Lq
x

� (2δt1)
αs−αC ′‖θ0‖L2/(γ−1) � ε.

From the proofs of Proposition 1 and 2, it holds that

‖θ̄‖Xk
q,2δt1

� Ck+1kk, (37)

for any k � 0 and some constant C independent of k and t1. Now by the uniqueness
of the mild solution, we have θ̄ (t) = θ(t + s) for any t � 0. Therefore, for any
integer k � 0,

t
k
γ

1 ‖Dkθ(t1, ·)‖
L

2
γ−1
x

= t
k
γ

1 ‖Dk θ̄ (δt1, ·)‖
L

2
γ−1
x

� δ
− k

γ Ck+1kk, (38)
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t
k
γ

+α

1 ‖Dkθ(t1, ·)‖Lq
x

= t
k
γ

+α

1 ‖Dk θ̄ (δt1, ·)‖Lq
x

� δ
− k

γ
−αCk+1kk . (39)

Since t1 > 0 is arbitrary, (38) and (39) imply (6) with a different constant C . The
theorem is proved.

7. A second proof of Theorem 2: fractional bootstrapping

This section is devoted to a second proof of Theorem 2. Here we use the idea
of the fractional bootstrapping by noticing that in the subcritical case we can put
a little bit more than one derivative in the kernel and still keep the convergence
of the integral of the bilinear term. The advantage is that we can avoid using the
contraction argument in Xk

q,T for k � 1 as long as the solution is known to be

in X0
q,T . Furthermore, the estimate of fractional derivatives can also be obtained

almost immediately. In the first subsection, we illustrate this idea by proving the
simpler case when q < ∞. After that, we prove the case q = ∞.

7.1. First case: q < ∞.

Fix q such that 2/(γ − 1) < q < ∞. Let N ≥ 1 be an integer sufficiently large
such that

1 + 1

N
+ 2

q
< γ. (40)

This assumption will be needed later (see (43) and (44)). For k ≥ 0, l = 0, 1, . . . , N ,
write

A(k, l) =
∥∥∥∥t

k+l/N
γ

+α DkΛ
l
N θ

∥∥∥∥
L∞

t (0,∞)Lq
x

,

where α = 1 − 1
γ

− 2
qγ

. We shall derive a set of recurrent inequalities for A(k, l).
The desired estimates on A(k, l) follows from studying the recurrent relations. To
this end, write also

B(k, l) =
∥∥∥∥t

k+l/N
γ

+α DkΛ
l
N �

∥∥∥∥
L∞

t (0,∞)Lq
x

.

Lemma 6. For 1 ≤ l ≤ N, we have for some constant C > 0 independent of k,

A(k, l) ≤ B(k, l) + β(k, 0)A(0, 0)2

+
k∑

m=1

m∑
j=0

(
m

j

)
β(k, m)A( j, l − 1)A(m − j, 0) (41)

where for any k ≥ 0, 0 ≤ m ≤ k,

β(k, m) ≤ Ck−m+1k
k
γ · m− m

γ .
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For l = 0 and k ≥ 0 we have

A(k + 1, 0) ≤ C A(k, N ). (42)

Proof. In this proof we shall denote by C the constants which may vary from line
to line but do not depend on k. From (17), for 1 ≤ l ≤ N , we have

DkΛ
l
N θ(t) = DkΛ

l
N �(t) +

∫ t
k+1

0
Dk+1

x Λ
l
N G(t − s, ·) ∗ (Rθ(s) · θ(s)) ds

+
k∑

m=1

m∑
j=0

(
m

j

)∫ (m+1)t
k+1

mt
k+1

Dk−m+1
x Λ

1
N G(t − s, ·)

∗
(
Λ

l−1
N (D j

x (Rθ(s)) · Dm− j
x θ(s))

)
ds.

By Young’s inequality and Hölder’s inequality, we have

∥∥∥DkΛ
l
N θ(t)

∥∥∥
Lq

x
≤
∥∥∥DkΛ

l
N �(t)

∥∥∥
Lq

x
+
∫ t

k+1

0

∥∥∥Dk+1
x Λ

l
N G(t − s, ·)

∥∥∥
L

q
q−1
x

· (‖Rθ(s)‖Lq
x
‖θ(s)‖Lq

x
) ds

+
k∑

m=1

m∑
j=0

(
m

j

)∫ (m+1)t
k+1

mt
k+1

∥∥∥Dk−m+1
x Λ

1
N G(t − s, ·)

∥∥∥
L

q
q−1
x

·
∥∥∥Λ l−1

N (D j
x (Rθ(s)) · Dm− j

x θ(s))
∥∥∥

L
q
2
x

ds.

To bound the last term in the above inequality, we use the following inequality for
fractional derivatives,

∥∥Λε( f g)
∥∥

Lq/2
x

≤ C
(∥∥Λε f

∥∥
Lq

x
‖g‖Lq

x
+ ‖ f ‖Lq

x

∥∥Λεg
∥∥

Lq
x

)
.

This immediately gives us

A(k, l) ≤ B(k, l) + β(k, 0)A(0, 0)2

+
k∑

m=1

m∑
j=0

(
m

j

)
β(k, m)A( j, l − 1)A(m − j, 0),

where β(k, m) will be estimated below. We have three cases.

Case 1. estimate of β(k, 0). By (16) we have

β(k, 0) ≤ Ck+1k
k
γ

∫ 1
k+1

0
(1 − s)−

k+1+ l
N

γ
− 2

γ q s−2α ds

≤ Ck+1k
k
γ

∫ 1/2

0
s−2α ds ≤ Ck+1k

k
γ .

Note that the last integral converges since we have q < ∞.
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Case 2. estimate of β(k, m), 1 ≤ m ≤ k − 1. By (16) we have

β(k, m) ≤ Ck−m+1 · (k − m + 1)
k−m+1

γ

·
∫ m+1

k+1

m
k+1

(1 − s)−
k−m+1+ 1

N
γ

− 2
qγ s− m

γ
− l−1

Nγ
−2α ds

≤ Ck−m+1(k − m + 1)
k−m+1

γ

(
1 − m + 1

k + 1

)− k−m+1+ 1
N

γ
− 2

qγ

·
(

m

k + 1

)− m
γ

− l−1
Nγ

−2α

· 1

k + 1

≤ Ck−m+1k
k
γ · m− m

γ · k
l

Nγ
+α · m− l−1

Nγ
−2α

.

Now if m ≤ k/2, then

β(k, m) ≤ Ck−m+1 · k
k
γ · m− m

γ · k
l

Nγ
+α ≤ (2C)k−m+1 · kk/γ · m− m

γ .

If m > k/2, then

β(k, m) ≤ Ck−m+1 · k
k
γ · m− m

γ · 2
l−1
Nγ

+2αk
1

Nγ
−α

≤ (41+αC)k−m+1 · k
k
γ · m− m

γ . (43)

In the last inequality we have used the fact that 1
Nγ

− α < 0 (see (40)). Now,

replacing C by max{2C, 4α+1C}, we get

β(k, m) ≤ Ck−m+1k
k
γ .

Case 3. estimate of β(k, k). Again by (16) we have

β(k, k) ≤ C
∫ 1

1− 1
k+1

(1 − s)−
1+ 1

N
γ

− 2
qγ s− k

γ
− l−1

Nγ
−2α ds

≤ C
∫ 1

1/2
(1 − s)−

1+ 1
N + 2

q
γ ds ≤ C. (44)

By (40) the last integral converges.
The inequality (42) is due to the simple fact that the operator Λ−1∇ maps Lq

x
to Lq

x boundedly for any 1 < q < ∞. The lemma is proved.

��
Lemma 7. Let 1 ≤ l ≤ N, k ≥ 0. Let n = Nk+l, n1 = N j+l−1, n2 = N (m− j),
where 0 ≤ j ≤ m and 1 ≤ m ≤ k. Then there exists a constant C depending only
on N such that (

m

j

)
· kk · m−m ≤

(
nn

nn1
1 · nn2

2

)1/N

.
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Proof. We compute

(
m

j

)
· kk · m−m ≤ mm

j j (m − j)m− j

kk

mm
≤

( n−l
N

) n−l
N

( n2
N

) n2
N ·
(

n1−l+1
N

) n1−l+1
N

≤ C

(
nn

nn1
1 · nn2

2

)1/N

.

The lemma is proved. ��

Theorem 4. There exists a constant C > 0 such that

A(k, l) ≤ Ck+1kk, ∀ k ≥ 0, 0 ≤ l ≤ N .

Proof. By Lemma 7 and replacing C by yet another large constant, it is easy to see
that A(k, l) ≤ F(n), where n = Nk + l and F(n) satisfies:

F(n) = Cnn
n
N +

∑
n1+n2≤n−1

Cn−(n1+n2)+1
(

nn

nn1
1 · nn2

2

) 1
N

F(n1)F(n2).

By Lemma 4 the sequence F(n)n−n/N C−n grows at most exponentially. The
theorem is proved. ��

A quick inspection of our proof reveals that we can estimate any fractional
derivatives. Indeed we shall prove a slightly more general result as follows (see
Remark 4).

Proposition 3. Let q ∈ ( 2
γ−1 ,∞). For any integer k ≥ 0 and any real number

β ≥ 0, we have

‖Dk
xΛ

βθ(t, ·)‖Lq
x

≤ Ck+β+1t−
k+β
γ

−α
Γ (k + β + 1),

where α = 1 − 1
γ

− 2
qγ

.

Proof. Take 0 < ε � 1/N , where N is defined in (40). By using the same bilinear
estimates as before, it is not difficult to show that

‖Dk
xΛ

εθ(t, ·)‖Lq
x

≤ Ck+ε+1t−
k+ε
γ

−α
Γ (k + ε + 1),

where the constant C can be taken to be independent of ε. Now by the same
bootstrapping argument as in Lemma 6 we get the estimate for β ∈ (0, 2) (one only
needs to bootstrap at most 2N times). Finally use the fact that Λ2m = (−1)m∆ for
any integer m ≥ 0. ��
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7.2. Second case: q = ∞

As we shall show, this case follows easily from using the estimates of the case
q < ∞. The following lemma is almost immediately obvious.

Lemma 8. For any m ≥ 0 and any p ∈ ( 1
γ−1 ,∞) we have

‖Dm
x (u(t, ·) · θ(t, ·))‖L p

x
≤ Cm+1 · mm · t

− m
γ

−
(

2− 2
γ

− 2
pγ

)
.

Proof. The estimate for Dku(t, ·) follows from the continuity of the Riesz
operator R. The result follows from the use of the Leibniz rule. ��

Theorem 5 (Rate of analyticity). There exists a constant C > 0 such that

‖t
k
γ

+α Dk
xθ‖L∞

t L∞
x

≤ Ck+1kk,

where α = 1 − 1
γ

. Consequently θ(t, ·) is analytic.

Proof. By (17) we have

Dk
xθ(t) = Dk

x�(t) +
∫ t

k+1

0
Dk+1

x G(t − s, ·) ∗ (u(s) · θ(s)) ds

+
k∑

m=1

∫ (m+1)t
k+1

mt
k+1

Dk−m+1
x G(t − s, ·) ∗ (Dm

x (u(s) · θ(s))) ds.

Fix p such that p ∈ ( 2
γ−1 ,∞). Let p′ = p

p−1 . Then we have

‖Dk
xθ(t)‖L∞

x

≤ ‖Dk
x�(t)‖L∞

x
+
∫ t

k+1

0
‖Dk+1

x G(t − s, ·)‖
L p′

x
‖u(s) · θ(s)‖L p

x
ds

+
k∑

m=1

∫ (m+1)t
k+1

mt
k+1

‖Dk−m+1
x G(t − s, ·)‖

L p′
x

‖Dm
x (u(s) · θ(s))‖L p

x
ds.

By Lemma 8, the linear estimates on �(t), and the kernel G (see Lemma 1) we
have
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‖t
k
γ

+α Dk
xθ(t)‖L∞

t L∞
x

≤ Ck+1kk + Ck+1(k + 1)
k+1
γ

∫ 1
k+1

0
(1 − s)−

k+1
γ

− 2
γ p s

−
(

2− 2
γ

− 2
pγ

)
ds

+Ck+1
k∑

m=1

∫ m+1
k+1

m
k+1

(1 − s)−
k−m+1

γ
− 2

γ p · (k − m + 1)
k−m+1

γ

· mms
− m

γ
−
(

2− 2
γ

− 2
pγ

)
ds

≤ Ck+1kk + Ck+1
k−1∑
m=1

(k − m + 1)
k−m+1

γ · mm

·
(

1 − m + 1

k + 1

)− k−m+1
γ

− 2
γ p ·

(
m

k + 1

)− m
γ

−
(

2− 2
γ

− 2
pγ

)
· 1

k + 1

≤ Ck+1kk + Ck+1(k + 1)
k
γ · m

m
(

1− 1
γ

)

≤ Ck+1kk .

��

8. Temporal Gevrey regularity of θ(t, x)

In Sections 6 and 7 we have shown that, for any t > 0, there exists a constant
C independent of k such that

∥∥∥Dku(t, ·)
∥∥∥

Lq
x

≤ Ck+1t−
k
γ

−αkk, (45)

where α = 1 − 1
γ

− 2
qγ

. We now want to understand the temporal regularity of
θ(t, x). To see that θ(t, x) is smooth (infinitely differentiable) in t for 0 < t < T ,
we write (1) as:

θt = −u∇θ − (−∆)γ/2θ. (46)

It is clear that by this relation higher-order derivatives of θ in t can be expressed in
and are therefore bounded by terms only involving derivatives of θ in x . For this
reason we expect that θ is smooth in t . It is also instructive to see how to get a
reasonable bound on ∂m

t θ . If we ignore the nonlinear term u∇θ , then heuristically
speaking we have ∂m

t θ ≈ (−∆)mγ /2θ . Therefore by (45) the best bound we can
hope for is

∥∥∥∂m
t ∂k

x θ

∥∥∥
L∞

x

� Cmγ+k+1 · t
− k

γ
−m−

(
1− 1

γ

)
· (mγ + k)mγ+k . (47)

We conjecture that for small t the above bound is optimal and gives the correct
asymptotics for the norms of high order t-derivatives of θ . It turns out (perhaps
surprisingly) that the nonlinear term u · ∇θ does not spoil the conjectured bound
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(47) too much. Indeed we shall prove a slightly less optimal bound on the mixed
space–time derivatives which has the following form for small t :

∥∥∥∂m
t ∂k

x θ

∥∥∥
L∞

x

� C2m+k+1 · t−
2m+k+1

γ · (2m + k)2m+k . (48)

Before we give the proof of Theorem 3, we shall explain the basic strategy of our
method of proof. There are two main difficulties in estimating

∥∥∂m
t ∂k

x θ
∥∥

L∞
x

. One

is that we cannot estimate L∞
x directly using (46) since u = Rθ and the Riesz

operator R only maps L∞ to B M O (functions with bounded mean oscilation).
We circumvent this difficulty by estimating instead

∥∥∂m
t ∂k

x θ
∥∥

Lq
x

for any fixed q ∈
( 2
γ−1 ,∞) and then use the Sobolev imbedding theorem. The other difficulty arises

from the fact that we must deal with the nonlocal operator (−∆)γ/2 when 1 < γ <

2. In order to avoid the use of the fractional Leibniz rule, we use the following
interpolation inequality:

∥∥∥(−∆)γ/2φ

∥∥∥
Lq

x
≤ C(q) ‖φ‖1−γ /2

Lq
x

‖∆φ‖γ /2
Lq

x
, (49)

where C(q) is some constant depending only on q. Let us first consider the regime
0 < t ≤ 1. Fix q ∈ ( 2

γ−1 ,∞) and let

C(k, m) =
∥∥∥t

2m+k+1
γ ∂m

t ∂k
x θ

∥∥∥
L∞

t (0,∞)Lq
x
.

Remark that the scaling of the exponent of t is not optimal in the regime 0 < t ≤ 1.
We have the following lemma concerning the growth of C(k, m).

Lemma 9. For any k ≥ 0, m ≥ 0, we have

C(k, m) ≤ C2m+k+1 · (2m + k)2m+k . (50)

Proof. In this proof we denote by C1 constants which may vary from line to line
but do not depend on m or k. The case m = 0 has been established in Theorem 2.
By (46), we have

∂m
t ∂k

x θ = −∂m−1
t ∂k

x (u · ∇θ + Λγ θ)

= −
m−1∑
j=0

k∑
l=0

(
m − 1

j

)(
k

l

)
∂

j
t ∂ l

x u · ∂
m−1− j
t ∂k−l+1

x θ − ∂m−1
t ∂k

x Λγ θ.

By (49), we have for some C1 > 0 independent of (m, k),

∥∥∥∂m−1
t ∂k

x Λγ θ

∥∥∥
Lq

x
≤ C1

∥∥∥∂m−1
t ∂k

x θ

∥∥∥1− γ
2

Lq
x

·
∥∥∥∂m−1

t ∂k+2
x θ

∥∥∥
γ
2

Lq
x
.

By the Sobolev imbedding theorem, we have
∥∥∥∂m−1− j

t ∂ l+1
x θ

∥∥∥
L∞

x

≤
∥∥∥∂m−1− j

t ∂ l+1
x θ

∥∥∥
Lq

x
+
∥∥∥∂m−1− j

t ∂ l+2
x θ

∥∥∥
Lq

x
.
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Now using the fact that t ≤ 1, in terms of C(m, k), we have

C(m, k) ≤ C1

m−1∑
j=0

k∑
l=0

(
m − 1

j

)(
k

l

)
C( j, l) · (C(m − 1 − j, k − l + 1)

+C(m − 1 − j, k − l + 2)) + C1C(m − 1, k)1− γ
2 C(m − 1, k + 2)

γ
2 .

Now taking constants C2, C3, C4 sufficiently large, it is easy to see that

C(m, k) ≤ Cm
2 C2m+k+1

3 F(2m + k),

where F(0) ≤ C4, and

F(n) =
∑

0�n1�n2�n−1,n1+n2≤n

n!
n1! · n2! F(n1)F(n2).

An easy application of Lemma 4 concludes the proof of the lemma. ��
Finally the case t > 1 is not very different and we omit the details here.

9. Remark on the equation with periodic condition

We consider in this section the two-dimensional quasi-geostrophic equations
on the torus: {

θt + u∇θ + (−∆)γ/2θ = 0, on T
2 × (0,∞),

θ(0, x) = θ0(x), x ∈ T
2,

(51)

where T
2 = [0, 1]2 and θ0 ∈ L2/(γ−1)(T2). As usual, the zero-average condition

is assumed: ∫
T2

θ0(x) dx = 0.

For two periodic functions f, g defined on the torus T
2 (that is, periodic in both

variables with period 1), we define the convolution

f ∗T g(x) =
∫

T2
f (y)g(x − y) dy.

Define the kernel on T
2

G̃(t, x) =
∑

m∈Z2

G(t, x + m) − 1.

Then it is easy to see that G̃ satisfies the zero-mean condition and

G̃(t + s, ·) = G̃(t, ·) ∗T G̃(s, ·). (52)
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Because θ0 has zero mean and ∇ · u = 0, (51) can be rewritten as

θ(t) = �(t) − B(θ, θ)(t), (53)

where

�(t) = G̃ ∗T θ0, B(v,w) :=
∫ t

0
∇G̃(t − s, ·) ∗T (Rv · w)(s, ·) ds.

We claim that all the results in the previous sections still hold true. First we recall
that we still have the L p maximum principle for the quasi-geostrophic equations on
the torus. To prove the corresponding results in Theorems 1, 2, and 3 and Corollary
1 it suffices to use the following lemma.

Lemma 10. For any γ ∈ [1, 2], p ∈ [1,∞], k � 0, and t ∈ (0,∞), we have

‖Dk
x G̃(t, ·)‖L p

x (T2) � Ck+1k
k
γ t

− k
γ

− 2
γ

(
1− 1

p

)
e−t (54)

with a constant C independent of k.

Proof. Clearly, for t ∈ (0, 1], it suffices to show

‖Dk
x G̃(t, ·)‖L p

x (T2) � Ck+1k
k
γ t

− k
γ

− 2
γ

(
1− 1

p

)
. (55)

First we consider the case when k = 0 and p < ∞. Integration by parts gives

G(1, x) � C(1 + |x |)−3.

It is easy to see that

(G̃(t, x))p =
⎛
⎝∑

m∈Z2

G(t, x + m) − 1

⎞
⎠

p

� C
∑

|m|�10

G(t, x + m)p + C

⎛
⎝ ∑

|m|>10

G(t, x + m)

⎞
⎠

p

+ C.

Since the function (1 + |x |)−3 is decreasing with respect to |x |, for x ∈ [0, 1]2

∑
|m|>10

G(t, x + m) � C
∫

|x |>2
t−2/γ

(
1 + |x |t−1/γ

)−3
dx � C,

and we get

‖G̃(t, ·)‖p
L p

x (T2)
� C‖G(t, ·)‖p

L p
x (R2)

+ C � Ct
− 2

γ

(
1− 1

p

)
. (56)

The cases (k, p) = (0,∞) and k = 1 are similar. For k � 2, one can use Young’s
inequality and the identity

Dk
x G̃(t, ·) = Dx G̃

(
t

2k
, ·
)

∗ · · · ∗ Dx G̃

(
t

2k
, ·
)

∗ G̃

(
t

2
, ·
)

. (57)
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Next we consider the case when t � 1. By Hölder’s inequality, it suffices to prove
(54) for p = ∞. Due to the definition of G̃,

G̃(t, x) = C
∑

ξ∈2πZ2\{(0,0)}
ei xξ e−|ξ |γ t .

Thus for t � 1/2,

‖G̃(t, ·)‖L∞
x (T2) � C

∑
ξ∈2πZ2\{(0,0)}

e−|ξ |t � Ce−π t . (58)

This yields (54) with k = 0. The case when k = 1 can be treated similarly, and we
get

‖Dx G̃(t, ·)‖L∞
x (T2) � Ce−π t . (59)

For any integer k ∈ [2, t), from (55), (58), Young’s inequality, and the identity (57),

‖Dk
x G̃(t, ·)‖L∞

x (T2) � Ck+1(t/k)
− k

γ e− π t
2 � Ck+1k

k
γ t−

k
γ

− 2
γ e−t .

Similarly, for any integer k ∈ [t,∞), from (58), (59), Young’s inequality and the
identity (57),

‖Dk
x G̃(t, ·)‖L∞

x (T2) �
(

Ce− π t
2k

)k
e− π t

2 � Ck+1k
k
γ t−

k
γ

− 2
γ e−t .

The lemma is proved. ��
We shall show that the solution along with all its derivatives decays exponen-

tially as t goes to infinity. Recall the following decay estimate of θ (see, for example,
[11]):

Lemma 11. If θ0 ∈ Lq for q ∈ [1,∞), we have exponential decay of ‖θ‖Lq
x
:

‖θ(t, ·)‖Lq
x

� ‖θ0‖Lq
x
e−λγ t/q , (60)

where λ is a positive constant independent of γ and q.

For any q ∈ ( 2
γ−1 ,∞), denote ε1 = min{1, λγ t/q}.

Now let us state the main result of this section.

Theorem 6. Let γ ∈ (1, 2], θ0 ∈ L
2

γ−1 , and q ∈ ( 2
γ−1 ,∞). Then the initial value

problem for (51) has a unique mild solution θ(t, x) in Xk
q,∞ for any integer k � 0,

and the following exponential decay in time estimate holds

max
{
‖Dk

xθ(t, ·)‖
L2/(γ−1)

x
, tα‖Dk

xθ(t, ·)‖Lq
x

}
� Cke−ε1δt t−

k
γ kk (61)

with positive constants C and δ independent of k and t.
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Proof. Thanks to (the corresponding version of) Theorem 2, we only have to prove
(61) for t � 2. By using Lemma 5, after a change of time variable t → t − 1, we
may assume that θ0 ∈ Lq ∩ L2/(γ−1). We now follow the proof of Theorem 2. Let
Ř = ‖eε1t�‖X0

q,∞ , and ε̌ ∈ (0, Ř) be a small positive number such that (26) holds

with ε̌, Ř in place of ε, R respectively. Choose δ ∈ (0, 1/3) sufficiently small,
satisfying

(2αδe)α(ε1(1 − 3δ))−α‖θ0‖Lq � ε̌. (62)

For any fixed t1 > 0, let s = (1−δ)t1. Let θ̄ ∈ X0
q,∞ be the unique mild solution of

(1) with initial data θ̄0 = θ(s, ·). Let �̄ be the solution to the corresponding linear
equation. Denote

θ̌ = eε1t θ̄ , �̌ = eε1t�̄, Ǧ = eε1t G̃.

For any k � 0, the L p maximum principle and Lemma 10 imply

‖�̌‖Xk
q,∞ � Ck+1kk, (63)

‖Dk
x Ǧ(t, ·)‖L p

x (T2) � Ck+1k
k
γ t

− k
γ

− 2
γ

(
1− 1

p

)
(64)

with a constant C independent of k. From (60) and (62), we have

‖tα�̌‖L∞
t ((0,2δt))Lq

x
� (2δt1)

α‖�̌‖L∞
t ((0,2δt1))Lq

x

� (2δt1)
αe2ε1δt1‖�̄‖L∞

t ((0,2δt1))Lq
x

� (2δt1)
αe2ε1δt1‖θ(s)‖Lq

x

� (2δt1)
αe2ε1δt1−ε1(1−δ)t1‖θ0‖Lq

x

� (2αδe)α(ε1(1 − 3δ))−α‖θ0‖Lq
x

� ε̌. (65)

Due to (53), it holds that

θ̌ (t) = �̌(t) − B̌(θ̌ , θ̌ )(t), (66)

where

B̌(v,w) :=
∫ t

0
e−ε1s∇Ǧ(t − s, ·) ∗T (Rv · w)(s, ·) ds.

Notice that �̌ and Ǧ verify the same estimates (63) and (64) as � and G in the proof
of Proposition 1. Also the extra factor e−ε1s is less than 1. These facts, together
with (65) and (66) allow us to reproduce the contraction argument in the proof of
Proposition 1 and the estimate of the analyticity rate in the proof of Proposition 2,
and we get

‖θ̌‖Xk
q,2δt1

� Ck+1kk . (67)

The estimate above can easily conclude (61), and the theorem is proved. ��
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